In this study, we obtained the position-momentum uncertainties and some uncertainty relations for the Pöschl-Teller-type potential for any ℓ. The radial expectation values of r −2 , r 2 and p 2 are obtained from which the Heisenberg Uncertainty principle holds for the potential model under consideration. The Fisher information is then obtained and it is observed that the Fisher-information-based uncertainty relation and the Cramer-Rao inequality hold for this even power potential. Some numerical and graphical results are displayed.
Introduction
The quantum mechanical uncertainty principle, first formulated in terms of the standard deviations of the position and momentum probability densities which characterize the quantum-mechanical states of one-dimensional single particle systems, is fundamental to understanding the electronic structure and properties of atoms are molecules [1] . In particular, we have the Heisenberg uncertainty principle [2] for the product of the uncertainties in position and momentum, expressed in terms of Planck's constant [3, 4] . For a one-dimensional system defined over −∞ ≤ x ≤ ∞, it is given by the product of the corresponding uncertainties (∆x) = √ < x 2 > − < x > 2 and (∆p) = < p 2 > − < p > 2 ,
according to
The Fisher information entropy is defined in position space as [5, 6] I
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γ(p) dp,
where ρ and γ are the probability densities in the position and momentum spaces, respectively. The importance of Fisher information as a measure of the information in a distribution is well known. It has many implications in estimation theory, as exemplified by the Cramer-Rao bound which is a fundamental limit on the variance of an estimator [7] . It is a useful tool for characterizing complex signals or systems with applications in geophysics, biology and so on, see refs. [7, 8] for details. A sharp (smooth) and strongly localized (well spread out) probability density gives rise to a larger(smaller) value of the Fisher information in the position space [6] . The Fisher information entropy in the position space measures the narrowness and the oscillation nature of the probability distribution [9] .
The individual Fisher measures are bounded through the Cramer-Rao inequality [10] according to
where
are, respectively, the standard deviation in the position and momentum spaces [3, 11] . Different properties of some quantum mechanical potentials have been studied using the Heisenberg uncertainty principle [12] . Also, Dehesa et al. (2006) studied the information-theoretic measures for Morse and Pöschl-Teller potentials. It was observed that the ground state of these potentials saturates all the uncertainty relations in an appropriate limit of the parameter [13] .
In this study, we shall study the Heisenberg uncertainty principle and the quantum information entropies for the Pöschl-Teller-type potential for any ℓ . As earlier stated, for a particle moving non-relativistically in a central potential V (r), the following uncertainty relation holds ( x = p = 0) [14] [15] [16] [17] [18] [19] [20] [21] :
The inequality above becomes equality for the ground state of the harmonic oscillator (HO). The extent to which the above inequality is saturated depends on the potential shape and the state (n, ℓ) of interest. For harmonic oscillator, the inequality in (6) attains its minimum value 2.25 for n = ℓ = 0 and = 1. Only a few of these central potentials can be solved analytically for the above inequality for any bound state n, ℓ. The Pöschl-Teller-type potential considered in this study is [22] :
where µ is the mass of the particle, and λ denotes the potential depth and α is related to the range of the potential. This potential is a non-homogeneous potential, as described by Sen and Katriel (2006) [23] . It belongs to a class of even-power series potentials, this class of potentials behave like a harmonic oscillator potential (near the origin), often termed 'oscillator-like' potentials [20, 21, 25] .
The study is organized as follows: In Section 2, we obtain the expectation values of r −2 , r 2 and p 2 from which the Heisenberg uncertainty product is obtained for the Pöschl-Teller-type potential for any ℓ . Section 3 contains the Fisher information measure and the Cramer-Rao product of the Pöschl-Teller-type potential for any ℓ. The conclusion is given in Section 4.
Position-momentum uncertainty relations
The energy eigenvalues for the ℓ-state Pöschl-Teller-type potential is obtained as [24] 
where +ζ (1 + s)
The expectation value < r −2 > of the Pöschl-Teller-type potential is calculated explicitly, by using the Hellmann-Feynman theorem theorem (HFT) [20, 21, [26] [27] [28] [29] [30] [31] [32] [33] [34] . The HFT states that a non-degenerate eigenvalue E(q) of a parameter-dependent Hermitian operator H(q), the associated eigenvector Ψ(q), changes with respect to the parameter q according to the formula [33, 34] :
The Hamiltonian of the system is
and by putting q = ℓ, we obtain
The graph of r −2 nℓ against λ for some values of n and ℓ is plotted in Figure 1 . We observe that r −2 nℓ increases linearly with λ. The values are also shown in Table 1 for some n and ℓ. It is observed from Table 1 that r −2 nℓ decreases with increasing n when ℓ is fixed. In order to obtain the uncertainty product (∆r) 2 nℓ (∆p) 2 nℓ , we need to calculate the following expectation values: r nℓ , p nℓ , r 2 nℓ and p 2 nℓ . As expected for a particle moving in the symmetric potential well, both r nℓ and p nℓ are zero [22] . r 2 nℓ is obtained as
From the Hamiltonian of the system, we obtain
so that
A state is defined to be squeezed if (∆r) 2 < 0.5. Our results from Tables 2-6 show a squeezed phenomenon in the position r for the ground state when λ ≥ 2.5. For the first excited state (n = 1), we have squeezed phenomena from λ = 2.2 to λ = 5.3, also at λ ≥ 11.4. We also have squeezed phenomena at various points for the states (n = 2, ℓ = 0), (n = 2, ℓ = 1), (n = 3, ℓ = 2). It is observed from Tables 2 -6 that the lower bounds for the single particle in any central potential is obtained as [8, 11] (∆r)
holds for this potential. The least value for ℓ = 0 with various values of n obtained is 3.306209 which is greater than the expected minimum value (2.250) as shown in Tables 2 -4 . For various values of n and ℓ, the Heisenberg uncertainty principle holds for the various values of λ considered as it can be seen from Tables 5 -9 , since the least value obtained is greater than the minimum value of equation (17) .
Fisher Information
The Fisher information of the Pöschl-Teller-type potential for any ℓ. Noting that the Fisher information for the expectation values of r and p can be obtained by using the following relations:
and
The r 2 and p 2 have been obtained in equations (14) and (16), respectively. On substituting equations (14) and (16) into equations (18) and (19) , the Fisher information in the position and momentum spaces are obtained. In this case, the magnetic quantum number (m) is zero. According to Dehesa et al. (2007) , the product of both equations above can not be less than 36.00 [35] :
The values obtained are shown in Tables Tables is 52. 89935 which is greater than the expected minimum value of 36 (from equation (20)). Similarly, the Cramer-Rao inequality given by Dehesa et al. (2007) [35]
is satisfied for this potential as shown in Table 15 . In this case, D is 3, so that the minimum value is 9.00.
Conclusion
We have studied some entropic-uncertainty relations for the Pöschl- Table 5 : Numerical results for the uncertainty relation (∆r) Table 9 : The values of (∆r∆p) nℓ for some λ with = 2µ = 1 and α = 1 n ℓ λ = 20 λ = 50 λ = 100 λ = 200 min(∆r∆p) nℓ 
